Abstract. Quantum metrology uses quantum features such as entanglement and squeezing to improve the sensitivity of quantum-limited measurements. Long established as a valuable technique in optical measurements such as gravitational-wave detection, quantum metrology is increasingly being applied to atomic instruments such as matter-wave interferometers, atomic clocks, and atomic magnetometers. Several of these new applications involve dual optical/atomic quantum systems, presenting both new challenges and new opportunities. Here we describe an optical magnetometry system that achieves both shot-noise-limited and projectionnoise-limited performance, allowing study of optical magnetometry in a fully-quantum regime [1] . By near-resonant Faraday rotation probing, we demonstrate measurement-based spin squeezing in a magnetically-sensitive atomic ensemble [2] [3] [4] . The versatility of this system allows us also to design metrologically-relevant optical nonlinearities, and to perform quantum-noise-limited measurements with interacting photons. As a first interaction-based measurement [5], we implement a non-linear metrology scheme proposed by Boixo et al. with the surprising feature of precision scaling better than the 1/N "Heisenberg limit" [6] .
INTRODUCTION
The ability to measure magnetic fields with high sensitivity is a key requirement in many physical, biological and medical applications. Examples can be found in the measurement of geomagnetic anomalies, magnetic fields in space as well as the measurement of biomagnetic fields such as the mapping of electric and magnetic fields produced in the brain [7] [8] [9] .
Optical magnetometers, based on optical readout of magnetic atomic ensembles, are currently the most sensitive instruments for measuring low-frequency magnetic fields. These instruments have demonstrated sensitivities better than 1 fT/ √ Hz, with rapid advancement in recent years [10] [11] [12] [13] . Two distinct sources of quantum noise determine the fundamental sensitivity of this technique: the atomic projection noise and the optical polarization noise, a manifestation of shot noise [2, [14] [15] [16] . As today's most advanced magnetometers approach the standard quantum noise limits [17] understanding these limits becomes critical for future advances [10] .
EPJ Web of Conferences
For magnetometers based on Faraday rotation and optimized for sensitivity, contributions from projection noise and light-shot noise are expected to be comparable [12, 14] . A pair of techniques for reducing these fundamental noise sources have been proposed, spin squeezing of the atomic ensemble [18, 19] and polarization squeezing of the probe light [14] , with potential to reduce the noise to the Heisenberg limit [16] , except in the long-time regime where spin relaxation is limiting [14] , see also [15] . Reduction of optical polarization noise in optical magnetometers has been demonstrated [20, 21] and recent experiments using optical quantum non-demolition (QND) measurements have demonstrated spin squeezing [17, [22] [23] [24] , but thus far only with real or effective spin-1/2 systems, and with magnetically-insensitive atoms, for example squeezing of clock transitions in alkali atoms.
Here we report spin squeezing in a large-spin (f > 1/2) atomic ensemble via QND measurement, following the strategy pioneered by Kuzmich and co-workers [19] . We pay careful attention to calibrating the spin-noise in our measurement [2] , and controlling noise introduced from nonpolarization spin variables [3] , which have proven challenging in large-spin systems [25] . We observe a conditional spin noise reduction of −3.2 dB compared to the initial coherent spin state (CSS), and infer −2.0 dB of metrologically significant spin squeezing.
OPTICAL QND OF LARGE-SPIN ATOMS
We work with an ensemble of f = 1 atoms interacting with pulses of near-resonant polarized light. As described in references [26, 27] , the light and atoms interact by the effective HamiltonianĤ eff
where is the duration of the pulse and G 1,2 are coupling constants that depend on the beam geometry, excited-state linewidth, laser detuning, and the hyperfine structure of the atom. The atomic variableŝ J are collective spin operatorsĴ k ≡ 
T , where the are the Pauli matrices andâ ± are annihilation operators for the temporal mode of the pulse and circular plus/minus polarization.
The G 1 term in Eq. (1) describes a QND interaction (paramagnetic Faraday rotation) while the G 2 term describes a rank-2 tensorial atom-light coupling. For spin-1/2 atoms the G 2 term vanishes identically and Eq. 1 describes a pure QND measurement. However, for f ≥ 1 atoms the G 2 term spoils the QND interaction even in the large-detuning limit [3, 28] . To recover the ideal QND interaction, we use a two-polarization probing technique based on dynamical decoupling methods, described in detail in Ref. [3] . Briefly, we use a composite pulse sequence of alternating orthogonal polarizations of light,
= N L /2, such that, for an inputĴ x -aligned CSS, the effect of the G 2 term is cancelled to first order. For weak pulses, i.e. Ŝ x sufficiently small, the system variableĴ z and meter variableŜ y after the two pulses areĴ
We define a normalized measurement variable ≡Ŝ x , corresponding to the scaled rotation angle of the input light polarization, so that = n +Ĵ (in) z , where n contains the electronic and light noise contributions to the measurement. A projection-noise limited measurement ofĴ z leads to a conditionally spin squeezed state. The quantum noise reduction can be estimated from two successive measurements of: the outcome, 1 , of the first measurement allows us to predict the outcome, 2 , of a successive measurement with an accuracy given by the measurement uncertainty. The best estimate for 2 is 1 , where = cov( 1 , 2 )/var ( 1 ) is the correlation between the two measurements. The conditional variance, var(Ĵ z | 1 ) ≡ var( 2 − 1 ), then quantifies the noise reduction [29] .
Experiment
We use the two-polarization probing technique to perform a QND measurement on an ensemble of up to 8.4 × 10 5 laser cooled 87 Rb atoms in the f = 1 ground state. In the atomic ensemble system, illustrated in Fig. 1 (a) and described in detail in Ref. [30] , s pulses interact with an elongated atomic cloud held in an optical dipole trap and are detected by a shot-noise-limited polarimeter. The trap geometry produces a large atom-light interaction for light propagating along the trap axis. In earlier experiments we have measured an effective on-resonance optical depth d 0 > 50. The experiment achieves projection-noiselimited sensitivity, as calibrated against a thermal spin state [2] .
The measurement sequence is illustrated in Fig. 1(b) . For each measurement we prepare aĴ x -aligned coherent spin state via optical pumping and measure N A via dispersive atom number measurement (DANM) [3] . We then re-prepare the CSS and make two successive QND measurements to first prepare a conditional spin squeezed state and then verify the noise reduction. We vary N A from 4 × 10 4 to 8.4 × 10 5 by briefly switching off the optical dipole trap for 100 s after each measurement, which reduced the atom number by ∼ 15 %, and repeating the sequence 20 times per trap loading cycle. At the end of each cycle the measurement is repeated once without atoms in the trap to measure the statistics of n . To collect statistics, the entire cycle is repeated ∼ 10 3 times. For the DANM measurement we prepare the CSS and stabilize the atomic alignment with a weak magnetic field B x = 10 T. We then send pulses of circularly polarized light, Ŝ z = N L /2, through the cloud at a detuning of 190 MHz to the red of the 5S 1/2 (f = 1) → 5P 3/2 (f = 0) transition with on average N L = 1.2 × 10 6 photons per pulse, and measure
The QND measurements are made by sending a train of 2 s long pulses of light with alternating polarization through the elongated cloud at a detuning of 600 MHz to the red of the 5S 1/2 (f = 1) → 5P 3/2 (f = 0) transition. Each pulse has on average N L = 2 × 10 9 photons. The G 1,2 coupling constants for the dispersive spin measurements are calibrated in separate experiments.
SPIN SQUEEZING RESULTS
To demonstrate spin squeezing, we first verify the projection-noise scaling of the QND measurements. Figure 2 shows the individual variances of the two measurements (blue circles and black diamonds) 
A , to the measured data yields a 1 = 0.90 and a 1 = 0.91 respectively for the two measurements, consistent with the expected scaling within experimental uncertainties, and a 2 coefficients consistent with zero, i.e. no observable atomic technical noise.
A nondestructive measurement of the atomic spinĴ z projects the initially prepared CSS onto a spinsqueezed state with an uncertainty equal to the measurement precision. The sensitivity of an ideal optical QND measurement is limited by the shot-noise of the probe light, var(Ŝ y ) = N L /2. We define a signalto-noise ratio = G [31, 32] , where we calculate from independently measured experimental parameters (orange dashed line). For the maximum number of atoms used in the experiment we predict a noise reduction of −3.8 dB with respect to the initial CSS. The observed noise reduction, var(Ĵ z | 1 ) (orange diamonds), is slightly smaller, −3.2 dB, consistent with experimental uncertainties.
To demonstrate spin squeezing, we use the Wineland criterion,
, where 2 m < 1 guarantees metrological advantage in using the spin-squeezed state over a CSS with equivalent polarization [33] , and entanglement amongst the atoms [34] . In an atomic ensemble with finite optical depth, photon scattering during the QND measurement reduces the alignment of the CSS: Ĵ x → Ĵ x S = (1 − ) Ĵ x , where ∝ G 1 N L limits the achievable spin squeezing [31, 32] . For the photon number, N L = 3 × 10 9 , used in the first QND measurement we measure = 0.11. We satisfy the Wineland criterion if the conditional variance of the spin-squeezed state is less than the projectionnoise of the CSS reduced by a factor (1 − ) 2 (grey solid line in Fig. 2 ). For the maximum number of atoms used in the experiment we infer 
INTERACTION-BASED MEASUREMENT OF THE COLLECTIVE SPIN OF AN ENSEMBLE
Traditional discussions of quantum metrology [35, 36] describe linear interferometers, or equivalently systems of non-interacting particles, as models for precision instruments. A number of recent works have discussed the quantum limits of systems of interacting particles [6, [37] [38] [39] . This work is particularly germane to optical magnetometry because some state-of-the-art techniques employ interactions in an essential way. For example, spin-exchange-relaxation-free (SERF) techniques [10] employ atomatom interactions to dramatically increase coherence lifetimes, while nonlinear magneto-optic rotation (NMOR) techniques use optical nonlinearities, i.e., atom-mediated photon-photon interactions [40] [41] [42] [43] . Here we describe a test of one of the first predictions regarding quantum noise limits in systems of interacting particles. In our system it is possible to generate a controlled and tunable interaction among the probe photons. We use this to implement a proposal [6, 38] to generate interaction-based measurement of the collective spin of the ensemble. Full details are given in [44] .
Following the discussion in [6, 38] , we consider a collection of N photons, with circular plus/minus polarisations |+ , |− described by single-photon Stokes operatorsŝ = (|+ , |− ) ( +|, −|)
T , where theŝ , ∈ {x, y, z} are the Pauli matrices andŝ 0 is the identity. We describe the polarization of the i'th atom byŝ (i) . In linear quantum metrology, a Hamiltonian of the form
uniformly and independently couples the photons to X , the parameter to be measured [36] . If the input state consists of independent photons, the possible precision scales as X ∝ N −1/2 , the shot-noise or 03004-p. 5 EPJ Web of Conferences standard quantum limit (SQL). The N −1/2 factor reflects the statistical averaging of independent results. In contrast, entangled states can be more strongly correlated than non-entangled ones, giving precision limited by X ∝ N −1 , known as the Heisenberg limit (HL). Systems of interacting particles do not necessarily obey these scaling laws. This is most easily seen by considering the same system, coupled to an unknown Y by a Hamiltonian of the form
whereŝ 0 is again the identity. This describes a pairwise interaction among the photons with a coupling strength Y. Using the fact thatŝ for entangled photons. We see that measurement of interaction strengths are not constrained by the SQL and HL scaling laws that apply to measurement of single-particle rotations. It is important to note a few points. First, these results are completely consistent with the Heisenberg uncertainty principle: the quantum noise of the state is the same, independent of whether the Hamiltonian is linear or nonlinear. In contrast, the signal, i.e. the average rotation of the state, shows a different dependence on N for estimation of X versus Y, and thus different scaling of the signal-to-noise ratio. Second, we note that X and Y are not the same kind of quantity; X produces a linear optical or (1) effect, e.g. a circular birefringence, whereas Y produces a Kerr or (3) effect, e.g. a cross-phase modulation. The fact that Y falls faster with N than does X is consistent with the commonplace observation that nonlinear optical effects are best measured at high intensities.
A number of systems have been proposed to observe these anomalous scaling properties, including Kerr nonlinearities [45] , cold collisions in condensed atomic gases [6] , Duffing nonlinearity in nano-mechanical resonators [46] and a two-pass effective nonlinearity with an atomic ensemble [47] .Topological excitations in nonlinear systems may also give advantageous scaling [48] .
We use a cold atomic ensemble as a light-matter quantum interface [32] to produce quantum-noiselimited interactions and a Hamiltonian of the formĤ = XŜ 0Ŝz = X NŜ z . This Hamiltonian gives a polarization rotation growing with N without increasing quantum noise [6] . The experiment uses the same cold atomic ensemble system described earlier, but with shorter, higher-intensity probe pulses tuned closer to resonance, in order to achieve the desired nonlinear interaction. The linear optical interactions that produce parametric Faraday rotation, described by Eq. (1), result from second-order application of the electric dipole interaction between quantized fields and the atomic ensemble. When this perturbative treatment is extended to fourth order [49] , we find these additional contributions to the effective Hamiltonian:
where J 0 is one-half the number of atoms in the m F = ±1 states, and N A is the number of atoms in the ensemble. As described in [49] , with a properly chosen detuning 0 relative to the F = 1 → F transitions of the D 2 line of 87 Rb, it is possible to make the third term, i.e., (1) S 0 S Z J Z , dominant over all other terms, including the linear terms of Eq. (1). This nonlinear term evidently has the form of Eq. (3), and we make the association Y = (1) J Z . This describes a photon-photon interaction which produces a kind of nonlinear Faraday rotation. The rotation angle is proportional to both the number of photons N = S 0 , and to the atomic polarization J Z .
We are now armed with two quite different ways to estimate the collective spin J Z : we can use a linear measurement, as in section 2, or we can use a nonlinear, interaction-based measurement of the same quantity. Both optical measurement strategies employ non-resonant probing, and thus preserve the spin variable being measured. This allows a direct comparison of near-simultaneous measurements made on the same ensemble, and a very direct investigation of the scaling behaviour. 
EXPERIMENTAL TEST OF SCALING IN INTERACTION-BASED MEASUREMENT
The experimental strategy is shown in Fig. 3 . The atomic ensemble is first fully polarized by optical pumping, then F Z is measured three times, once by a far-detuned, low-intensity pulse in the linear regime, then by a near-resonant high-intensity pulse, and finally a second low-intensity pulse. In each case the rotation angle is ( = F z [A( ) + B( )N ]/2) where A ∝ G 1 and B ∝ (1) account for the temporal pulse shape and geometric overlap between the atomic density and the spatial mode of the probe, and is the detuning from resonance. Two regimes of probing are used: the linear probe consists of forty 1 s pulses (total illumination time L = 40 s) spread over 400 s with detuning L 0 . This gives A N L B, i.e., linear estimation. The nonlinear probe consists of a single NL = 54ns FWHM, Gaussian-shaped, high-intensity pulse with N photons and detuning 0 , so that A NB. Having two probes allows us to precisely calibrate the nonlinear measurement using a highly sensitive and well characterised independent measurement of the same sample.
The noise in the nonlinear probe as a function of N is shown in Fig. 4 . The sensitivity / vs. N where is the rotation produced by the full ensemble, i.e.,F z = 7 × 10 5 . In agreement with theory, the log-log slope indicates the scaling ( / ) ∝ N −3/2 to within experimental uncertainties in the range N = 10 6 to N = 10 7 , and SH scaling, i.e., a slope < 1, over two orders of magnitude N = 5 × 10 5 to N = 5 × 10 7 . Also shown are the results of numerical modelling using the Maxwell-Bloch equations to describe the nonlinear light-atom interaction. The deviation at low N is consistent with a 200 kHz uncertainty in the light shift produced by the optical dipole trap.
For photon numbers above N 2 × 10 7 , the saturation of the nonlinear rotation alters the slope. This can be understood as optical pumping of atoms into states other than |F = 1, m F = 1 by the nonlinear probe. The damage to the atomic magnetisation = 1 − L / L , shown in Fig. 4 remains small, confirming the non-destructive nature of the measurement. The finite damage even for small N is possibly due to stray light and/or magnetic fields disturbing the atoms during the 20 ms period between the two linear measurements. At large N , high-order nonlinear effects including optical pumping limit the range of SH scaling.
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CONCLUSIONS
We have described two quantum-limited measurements using cold atomic ensembles probed by a shotnoise-limited Faraday rotation setup. In the first, we report the first spin squeezing by quantum nondemolition measurement in a magnetically-sensitive atomic ensemble. This elusive goal was finally achieved using the combination of a high optical-depth trap geometry, dynamical decoupling of the spin alignment degrees of freedom, and a new calibration of the projection noise level based on the quantum statistics of thermal states. Spin squeezing is promising for practical application in optical magnetometry. In the second experiment, we have tested and confirmed the prediction of sensitivity scaling as N −3/2 when measuring the interaction strength of a system of interacting particles. By computing the nonlinear optical behaviour of the ensemble, we found a magic detuning at which the photon-photon interaction is proportional to the atomic spin polarization, allowing the first quantumnoise-limited interaction-based measurement of atomic spin. The observed sensitivities show a scaling of N −3/2 over more than a decade in photon number N , in agreement with simple theory and a full Maxwell-Bloch calculation. These results show that it is possible to perform quantum-noise-limited measurements with ensembles of interacting particles, and are a step toward quantum sensitivity enhancement to intrinsically nonlinear instruments such as SERF and NMOR magnetometers.
